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Abstract
We discuss possible non-chiral extension of the Kerr/CFT correspondence. We
first consider the near horizon geometry of an extremal BTZ black hole and study the
asymptotic symmetry. In order to define it properly, we introduce a regularization
and show that the asymptotic symmetry becomes the desirable non-chiral Virasoro
symmetry with the same central charges for both left and right sectors, which are
independent of the regularization parameter. We then investigate the non-chiral
extension for general extremal black holes in the zero entropy limit. Since the same
geometric structure as above emerges in this limit, we identify non-chiral Virasoro
symmetry by a similar procedure. This observation supports the existence of a
hidden non-chiral CFT2 structure with the same central charges for both left and
right sectors dual to the rotating black holes.
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1 Introduction
Microscopic understanding of black holes is expected to provide us profound knowledge
for the non-perturbative formulation of quantum gravity. Although string theory is one
of the promising candidates for it, at present, only some restricted classes of black holes
are microscopically dealt with by this theory [1] (See also [2] for review). Especially the
detailed analysis of the Kerr black hole, which is astronomically the most familiar one, is
not yet completed, though there are some proposals in this direction [3, 4].
Parallel to the analysis based on string theory, another “bottom up” approach relying
on asymptotic symmetry is widely carried out and is actively investigated recent years.
From the viewpoint of gauge/gravity duality, the asymptotic symmetry of gravity side is
identified with (a part of) the symmetry of the dual field theory living on the boundary.
One of the merits of this approach is that even when a black hole is not embedded in string
theory yet, we can extract some information of the dual boundary theory, in particular,
when the theory is two dimensional and conformal.
Just after AdS/CFT correspondence is conjectured [5], the asymptotic symmetry ap-
proach is applied to Banados-Teitelboim-Zanelli (BTZ) black hole [6–8], a solution of three
1
dimensional Einstein gravity with a negative cosmological constant. Since this black hole
is asymptotically AdS3, the dual field theory is non-chiral CFT2 and its central charges are
already determined by the celebrated work by Brown and Henneaux [9]. Then by using
Cardy’s formula, the Bekenstein-Hawking entropy is microscopically reproduced. This
result is remarkable itself and, at the same time, is very important for string theory. This
is because the BTZ black hole appears when we consider the near horizon limit of D1-D5-
P black hole, the first example string theory succeeded in deriving Bekenstein-Hawking
entropy microscopically [1].
More recently, the asymptotic symmetry approach is applied to extremal black holes
whose near horizon geometry contains S1 fibrated AdS2 structure. The extremal Kerr
black hole is included in this class and, since the approach was first carried out to this
black hole, this analysis is called the Kerr/CFT correspondence [10]. Subsequently it was
soon generalized to a large class of systems [11–15] and they are also often called the
Kerr/CFT correspondence, too. In the Kerr/CFT, as a result of asymptotic symmetry
approach, this class of extremal black holes are expected to be dual to chiral CFT2
containing only single copy of Virasoro symmetry.
This Kerr/CFT is very interesting, but, to be precise, it is rather a suggestion for a
possible pair of theories dual to each other and there are many things to be understood
to establish the Kerr/CFT as a concrete duality. One of the important problems is to
derive the proper non-chiral Virasoro symmetry with identical non-zero central charges,
i.e. cL = cR, from the gravity side. Although there are various evidence supporting the
existence of the consistent non-chiral CFT2 [16–19], unfortunately, no boundary condition
allowing such a non-chiral Virasoro symmetry consistently has been obtained yet [20–23].
This would be because the non-chiral Virasoro symmetry is in some sense hidden [19].
One possible path to understand non-chiral extensions of the Kerr/CFT is to consider
the zero entropy extremal black holes [24–33]. As shown in [31], the extremal black holes
with vanishing entropy and the regular AdS2 structure
1 will always have an emergent
local AdS3 structure. For these black holes, therefore, a non-chiral CFT2 is expected to
reside as a dual field theory, and, following the work by Brown and Henneaux [9], we may
be able to realize a non-chiral extension of the Kerr/CFT.
However, the “local AdS3” appearing there has the same structure as the near horizon
extremal BTZ geometry,2 and the asymptotic geometry is compactified on light-like circle
and is different from the usual (global or Poincare) AdS3 boundary where the asymptotic
1 An example is 5d Myers-Perry black holes with only one non-vanishing angular momentum.
2We call the near horizon geometry of the extremal BTZ black hole in this manner.
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charges of [9] are defined.3 Partly because of this, as we will see, the asymptotic symmetry
is not well defined for this geometry.
In this paper, we study the geometry slightly deformed as a regularization of the
light-like circle. Indeed, we will show that the asymptotic symmetry becomes the non-
chiral Virasoro symmetry with the same non-zero central charges for both sectors, cL =
cR. Especially these charges are independent of the regularization parameter, justifying
our regularization scheme. From the viewpoint of dual CFT2, it is natural to expect
that the central charges derived from the two geometries coincide, since the Virasoro
symmetries and central charges are “local” properties of the theory. Therefore, in this way,
we can obtain a desirable result and show that the Kerr/CFT can be understood as the
AdS3/CFT2 in the zero entropy limit. The left-mover (Frolov-Thorne [34]) temperature
4
of the system will be shown to be proportional to the radius of the circle and, thus,
vanishes in the limit, as expected. Note that we here consider the Lorentzian version
of the AdS3/CFT2 where the temperature of the system is proportional to the radius of
the compactified circle [35]. This rather strange duality is expected for the Kerr/CFT in
which the dual field theory side is a finite temperature system with Lorentzian signature.
We also show that one parameter family of limits leading to emergent local AdS3
factor can be taken for the zero entropy extremal black holes.5 The parameter is a ratio
of an infinitesimal parameter for the near horizon limit and that for the zero entropy
limit. Especially, in [31], the near horizon limit is taken first. We then show that the
geometry obtained is precisely the regularized one we employed to derive the asymptotic
symmetry properly, and the ratio of the parameters for the two limits plays a role of the
regularization term. Thus, the regularization can be naturally understood in this way,
once we start with the whole black hole geometry and then take these two limits carefully.6
Organization of this paper is as follows. In section 2, we investigate a boundary
condition and asymptotic symmetry for the near horizon geometry of an extremal BTZ
black hole. We show that it contains two sets of Virasoro symmetries, one of which
corresponds to the chiral Virasoro symmetry of the Kerr/CFT for extremal black holes
3 Furthermore, in the zero entropy limit, the radius of the circle becomes zero and thus the geometry
is singular, in the same way as the near horizon geometry of a massless BTZ black hole. In this paper,
we simply assume this does not cause any problem. We would like to return to this issue in future.
4 Below in this paper, “temperature” of given geometries always stands for the Frolov-Thorne temper-
ature, unless otherwise noted. Notice that it is different from the Hawking temperature. The Hawking
temperature is always zero for extremal black holes.
5 This can be possible probably because the geometry is singular.
6In [32], a similar limit is introduced. Our result provides a natural interpretation to this limit and
the regularization.
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with non-zero entropy. However, the other Virasoro symmetry is not centrally extended by
this naive prescription. Then, to derive the asymptotic symmetry properly, we introduce
a regularization to make the equal-time slice at the boundary space-like, and show that
the desirable non-chiral Virasoro symmetry with the same central extensions for both left
and right sector is realized. In section 3, we show that a similar argument is applicable
to the zero entropy extremal black holes. In section 4 we end up with conclusions and
discussions. In the appendices, we summarize some results which might be useful for future
analysis of the Kerr/CFT. In Appendix A, we explain that the similar regularization is
not valid for the near horizon geometries of general (non-zero entropy) extremal black
holes. In Appendix B, we provide a direct relation between the analysis of the asymptotic
symmetries of the AdS3 and the near horizon extremal BTZ geometry. In Appendix C,
we summarize various ways of taking the limits of zero entropy and near horizon at the
same time, by using the 5d extremal Myers-Perry black hole as a concrete example. It
proves that they form a one parameter family and always lead to an emergent local AdS3
structure. Especially, by considering the case in which the near horizon limit is taken faster
than the zero entropy limit, we show that the regularization term is naturally introduced
as a remnant of the whole black hole geometry. In Appendix D, we also explain some
relations between our results and the (holographic) renormalization group (RG) flow for
the BTZ black hole.
2 Non-Chiral Kerr/CFT for Extremal BTZ Black Hole
In this section, we deal with the near horizon geometry of an extremal BTZ black hole
and study the Kerr/CFT on it. Since a BTZ black hole appears in the near horizon region
of the D1-D5-P black hole, the analysis in this section can also be regarded as that for
this system.
We start with a new boundary condition for this geometry, giving a non-chiral exten-
sion of the Kerr/CFT there, and explain only one of two Virasoro symmetries appearing
as the asymptotic symmetry is centrally extended. We regard this is due to the light-like
character of the equal-time surfaces at the boundary. We then introduce an appropri-
ate regularization to make them space-like and show both two Virasoro symmetries are
centrally extended.
The near horizon extremal BTZ geometry is important not only in its own right, but
also in that the same structure generally appears as a part of the near horizon geometry
for the zero entropy extremal black holes. The detailed analysis on this setup will be
carried out in the next section.
4
2.1 Boundary condition and asymptotic symmetry
The near horizon extremal BTZ geometry is written as
ds2 = g¯µνdx
µdxν =
L2
4
[
−r2dt2 + dr
2
r2
+ (dφ− rdt)2
]
=
L2
4
(
dr2
r2
− 2rdtdφ+ dφ2
)
, (2.1)
where L is the AdS3 radius and the φ-direction is orbifolded as
(t, φ) ∼ (t, φ+ 2πℓ), (2.2)
where ℓ is a constant which is determined by the mass of the BTZ black hole. The
horizon of the black hole corresponds to r = 0, and then the Bekenstein-Hawking entropy
is calculated as
SBH =
L
2
· 2πℓ
4G3
=
πℓL
4G3
, (2.3)
where G3 is the 3d Newton constant.
Before the detailed analysis of the asymptotic symmetry, here we give a comment on
the orbifolding introduced in (2.2). This orbifolding is physically quite different from the
more popular one applied to the conventional Poincare AdS3,
ds2 = L2
(
− ρ2dτ 2 + dρ
2
ρ2
+ ρ2dψ2
)
, (2.4)
(τ, ψ) ∼ (τ, ψ + 2πℓψ), (0 < ℓψ < 1). (2.5)
The latter just cuts the cylindrical boundary of (2.4) into a narrower cylinder. On the
other hand, the orbifold (2.2) generates a thermal state [35], corresponding to the non-
zero SBH as in (2.3). We will explain this point more in detail near the end of this section.
For more complete classification of various orbifoldings for AdS3, see [7].
In order to investigate the asymptotic symmetry for this background geometry (2.1)
with the orbifolding (2.2), we need to impose a proper boundary condition on the fluctu-
ation of the metric. One possible choice is
gµν = g¯µν + hµν , hµν ∼


r2 r−2 1
r−3 r−1
1

 , (2.6)
where the order of the coordinates in the matrix is set to (t, r, φ). This can be regarded as
3d version of the boundary condition introduced in [10]. Under this boundary condition,
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together with an energy constraint condition, we can obtain a chiral Virasoro symmetry as
the asymptotic symmetry group (ASG). It is the most naive application of the Kerr/CFT
to this system carried out in [36]. In this paper, instead of this, we are interested in the
case where the ASG includes two sets of Virasoro symmetry. We find that it is realized
by the following boundary condition,
gµν = g¯µν + hµν , hµν ∼


1 r−1 1
r−3 r−1
1

 . (2.7)
This boundary condition is special to the near horizon extremal BTZ geometry (2.1),
where the (t, t)-component of the metric vanishes.7 Actually, as is explained in Ap-
pendix B, it is connected with a known boundary condition for the AdS3 in the global or
Poincare coordinate [37]. Under (2.7), the ASG is generated by
ξ =
[
f(t) +O(1/r)]∂t + [− r(f ′(t) + g′(φ)) +O(1)]∂r + [g(φ) +O(1/r)]∂φ, (2.8)
where f(t) and g(φ) are respectively arbitrary functions of t and φ, satisfying the pe-
riodicities imposed. If we take the periodicity for t as t ∼ t + β by hand, where β is
an arbitrary positive constant, the Fourier bases are e−2πint/β and e−inφ/ℓ where n is an
integer. Especially, if we fix their normalizations as
fn(t) = − β
2π
e−
2π
β
int, gn(φ) = −ℓe−in
φ
ℓ , (2.9)
the corresponding bases for the ASG generators
ξRn = −
β
2π
e−
2π
β
int∂t − inre−
2π
β
int∂r, (2.10a)
ξLn = −ℓe−in
φ
ℓ ∂φ − inre−in
φ
ℓ ∂r, (2.10b)
composes two copies of Virasoro symmetry without central extension
[ξRm, ξ
R
n ] = −i(m− n)ξRm+n, [ξLm, ξLn ] = −i(m− n)ξLm+n, [ξRm, ξLn ] = 0. (2.11)
The Virasoro generators (2.10b) have the same form as the chiral Virasoro generators in
the Kerr/CFT, and then this ASG with two Virasoro symmetries can be regarded as a
non-chiral extension of the Kerr/CFT.
The asymptotic charges corresponding to these generators also satisfy two copies of
Virasoro symmetries and, in this case, they can be centrally extended. To see the central
7 The boundary condition (2.7) also works well for the near horizon extremal BTZ geometry in the
global coordinate, in which g¯tt ∼ 1.
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extensions in detail and to confirm that the asymptotic charges are all consistent under the
boundary condition (2.7), we start with the definition of the asymptotic charges proposed
by [38]. When the theory is D-dimensional Einstein gravity,8 the asymptotic charge
Qξ = Qξ[h; g¯] corresponding to an asymptotic symmetry generator ξ and fluctuation hµν ,
defined on a D-dimensional background geometry g¯µν , is given by
Qξ =
∫
∂Σ
kξ[h; g¯], (2.12)
kξ[h; g¯] = k˜
µν
ξ [h; g¯]
ǫµνα1...αD−2
(D − 2)! dx
α1 ⊗ · · · ⊗ dxαD−2 , (2.13)
k˜µνξ [h; g¯] = −
√−g¯
8π
[
D¯[ν(hξµ]) + D¯σ(h
[µσξν]) + D¯[µ(hν]σξσ)
+
3
2
hD¯[µξν] +
3
2
hσ[µD¯ν]ξσ +
3
2
h[νσD¯σξ
µ]
]
, (2.14)
and the Poisson brackets of the asymptotic charges are given by,
{Qξ, Qζ}P.B. = Q[ξ,ζ]Lie +Kξ,ζ, Kξ,ζ =
∫
∂Σ
kζ[£ξg¯; g¯], (2.15)
where Kξ,ζ is the central extension term. Here the Greek indices are raised and lowered by
the background metric, g¯ = det(g¯µν), h = hµ
µ = g¯µνhµν , and Σ is the (D−1)-dimensional
equal-time hypersurface. When we take Σ at t = const and the boundary at r →∞, only
the (t, r) element of k˜ξ contributes to Qξ.
In the current case, D = 3, by counting the order of r in the (t, r) element of each term
of (2.14), we can confirm that the asymptotic charges QRn , Q
L
n corresponding to ξ
R
n , ξ
L
n in
(2.11) respectively are all finite under the boundary condition (2.7). In this sense, we can
say that (2.7) is a consistent boundary condition.9 This is also special to the case of the
extremal BTZ black hole, and the situation is quite different for near horizon geometries
for general extremal black holes, as explained in Appendix A.
Explicit calculation of Kξ,ζ for our asymptotic symmetry generators ξ
R
n and ξ
L
n yields
Virasoro algebras with central extensions,
[LRm, L
R
n ] = (m− n)LRm+n +
cR
12
m(m2 − 1)δm+n,0, (2.16a)
[LLm, L
L
n ] = (m− n)LLm+n +
cL
12
m(m2 − 1)δm+n,0, (2.16b)
8 Couplings with matter fields are also allowed, and in general they may give some additional contri-
butions to (2.14). Here we assume that the matter fields are introduced such that they do not change
the asymptotic symmetry consistently. In the usual Kerr/CFT, it is confirmed for various matter fields
in [14].
9 Integrability of the charges is also necessary. If we focus on small fluctuations around the background
metric g¯, it can be easily shown in the same way as Appendix B of [10].
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where the Virasoro charges are defined as
LR,Ln = Q
R,L
n + δn,0 × (const), (2.17)
and their quantum commutators are given by the classical Poisson brackets as
[·, ·] = i{·, ·}P.B.. (2.18)
The central charges are given by
cR,L = 12iKξR,L
−n ,ξ
R,L
n
∣∣
n3
, (2.19)
and the resulting values of the central charges are, respectively,
cR = 0, cL =
3L
2G3
. (2.20)
Therefore, we have identified two Virasoro symmetries as the asymptotic symmetry,
but only one of the two is centrally extended. This situation is different from that in [9],
where both of the left and right Virasoro symmetries are centrally extended, although the
left central charge is the same.
There is a coordinate transformation between the near horizon extremal BTZ geometry
and the conventional form of AdS3 used in [9], and we can directly see the existence of an
overlap region in the boundaries. Then the discrepancy above is somehow strange once
we realize that the effect of the central charge is “locally” probed in CFT2 by using, for
example, the operator product expansion.
2.2 Regularization for the light-like orbifolding
In the last subsection, we took the “equal-time hypersurface” Σ to be t = const . Actually,
in the current case, this naive prescription is problematic in that Σ is not a space-like
surface but a light-like one on the boundary. To see this explicitly, let us consider the
metric induced on the conformal boundary of (2.1). By taking dr = 0 and r →∞, (2.1)
turns to be
ds2
dr=0
=
L2
4
(dφ2 − 2rdtdφ)
r→∞→ −L
2
2
rdtdφ, (2.21)
Then the metric for the conformal boundary is
ds2bdy = −dtdφ. (2.22)
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This metric vanishes for dt = 0, and then the equal-time surface Σ is light-like at the
boundary. This suggests that our definition of the asymptotic charges in the last subsec-
tion cannot be a proper one.
Now we would like to make Σ space-like at the boundary. It is, however, impossible
under the “light-like orbifolding” (2.2). Then we propose a little deformation of the
geometry by replacing (2.2) with an orbifolding along an “infinitely boosted” space-like
direction φ′.10 More concretely, we define
t′ = t + αφ, φ′ = φ, (2.23)
and replace (2.2) by
(t′, φ′) ∼ (t′, φ′ + 2πℓ). (2.24)
Here α is a small positive constant introduced as a regularization parameter.11 The new
orbifolding (2.24) is different from the original periodicity (2.2), but they coincide in the
α → 0 limit. In the practical calculations of asymptotic charges and related quantities,
we first take the limit r → ∞, and later take α → 0. We exchanged the order of the
limits here and it is the essence of the regularization trick. Under (2.24), we regard t′ as
“time” instead of t. Because the “equal-time surface” Σ′ defined by t′ = const satisfies
dt = −αdφ, it leads to ds2bdy = αdφ2 > 0 and, therefore, this surface is indeed space-like
at the boundary. As we will see in Appendix D, this procedure is naturally interpreted in
terms of a remnant of the original BTZ geometry before taking the near horizon limit.
To respect the periodicity (2.24), the appropriate Fourier bases for f(t) and g(φ) in
(2.8) are determined as
fn(t) = −αℓe−in tαℓ , gn(φ) = −ℓe−in
φ
ℓ , (2.25)
without introducing β as in (2.9) by hand — β is replaced by 2παℓ here. The correspond-
ing generators are
ξRn = −(αℓ∂t + inr∂r)e−in
t
αℓ = −(αℓ∂t′ + inr∂r)e−in( t
′
α
−φ′)/ℓ, (2.26a)
ξLn = −(ℓ∂φ + inr∂r)e−in
φ
ℓ = −(αℓ∂t′ + inr∂r + ℓ∂φ′)e−in
φ′
ℓ , (2.26b)
which satisfy Virasoro algebras in the same form as (2.11). The background metric (2.1)
is also rewritten by using (t′, φ′) as
ds2 =
L2
4
[
dr2
r2
− 2rdt′dφ′ + (1 + 2αr)dφ′2
]
. (2.27)
10 For related discussions, see [33, 39].
11 We can consider a coordinate transformation to general linear combinations of t and φ, but we
confirmed that the final result is the same.
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The corresponding asymptotic charges and their Poisson brackets are defined and calcu-
lated by using (2.12), (2.13), (2.14) and (2.15) again, but Σ is replaced by Σ′ there. As
a result, the contributing element of k˜ξ to the asymptotic charges is not k˜
tr
ξ , but k˜
t′r
ξ .
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By a similar order counting of r as in §2.1, k˜t′rξ is proved to include only finite terms for
all the ASG generators under the boundary condition (2.7). Therefore all the asymptotic
charges are finite even when the regularization is introduced.
Furthermore, by using the formula for the central extension term (2.15), we obtain
the finite value for cR as
cR =
3L
2G3
. (2.28)
This is exactly the value expected and is the same as the right central charge derived by
Brown and Henneaux. Remarkably, it does not depend on the value of α and then, in
particular, it can be obtained in the limit α→ 0. This implies that our prescription works
successfully as a regularization. On the other hand, for ξLn , it leads to the same value for
the central charge as (2.20),
cL =
3L
2G3
. (2.29)
These results (2.28) and (2.29) are satisfying ones, in the viewpoints of Brown-Henneaux’s
analysis and D1-D5 system in string theory. Notice that, both of these central charges
are independent of the periodicity of φ, arbitrarily given by the orbifolding. In fact this
is always the case for the Kerr/CFT,13 and it is consistent with the duality because the
central charges are local quantities in the dual CFT.
As for the right and left Frolov-Thorne (FT) temperatures TR
FT
, TL
FT
, we can deter-
mine them by employing the argument of [35] as follows. Let us consider a coordinate
transformation
w+ = e
φ′ , w− = −1
2
(
t′ − αφ′ + 1
r
)
, y2 =
1
r
eφ
′
. (2.30)
12 Since k˜t
′r
ξ = k˜
tr
ξ + αk˜
φr
ξ , the difference between the results in §2.1 and those below comes from the
contribution of the second term k˜φrξ .
13 This is very simply explained from (2.19) and (2.25). From (2.19), the central charge c is bilinear
to ξn’s and so it gets a factor of ℓ
2. At the same time, since it is the coefficient of n3 term, the
contributing terms include three derivatives of fn(t) or gn(φ), then they give a factor of 1/ℓ
3. Furthermore,
the boundary integral is carried out over φ ∈ [0, 2πℓ) and it gives a factor ℓ. Therefore, in total,
c ∼ ℓ2−3+1 = ℓ0, which shows that the central charge does not depend on the periodicity or orbifolding
of φ.
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Then (2.27) is rewritten in the form
ds2 = L2
dw+dw− + dy
2
y2
. (2.31)
At the boundary, the relation between w+ and φ
′ are similar to the one for (a half of) the
Minkowski coordinate and the Rindler coordinate. Therefore, the left modes correspond-
ing to φ′ is in thermal state. Following [35], its temperature is related to the periodicity
as w+ ∼ e4π2TLFTw+. Now that φ′ ∼ φ′ + 2πℓ, the left FT temperature is
TL
FT
=
ℓ
2π
. (2.32)
On the other hand, for w−, since it is linearly related to t
′ and φ′ at the boundary, the
corresponding right mode is not thermal and we then obtain
TR
FT
= 0. (2.33)
Combining the results (2.28), (2.29), (2.32) and (2.33), we can calculate the entropy
on the boundary CFT by Cardy’s formula as
SKerr/CFT =
π2
3
cRT
R
FT
+
π2
3
cLT
L
FT
=
πℓL
4G3
, (2.34)
which perfectly agrees with the Bekenstein-Hawking entropy (2.3).
The calculations in this subsection are similar to the ones in §5 of [32], but the inter-
pretation is different. Here we emphasize again that our analysis depends on the structure
of the near horizon extremal BTZ geometry. It is then applicable to the general zero en-
tropy extremal black holes investigated in [31], as we will see in the next section. We
note that it is, however, not so for general non-zero entropy extremal black holes. We will
comment on some issues appearing for the latter cases in Appendix A.
3 Zero Entropy Black Holes
As recently shown in [31], a local AdS3 structure appears in the zero entropy limit of
general extremal black holes. In this case, it has the same orbifolding structure as the near
horizon extremal BTZ geometry, and the periodicity shrinks to zero, similarly to the near
horizon geometry of the massless BTZ black hole. By using the argument in the previous
section, we can identify two sets of Virasoro symmetries with non-zero central charges as
the asymptotic symmetry. Note that, by adding appropriate charges if necessary, the zero
entropy limit could be taken for any black hole geometry.
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Let us consider the near horizon geometry of the general 4d extremal black holes
with SL(2, R)×U(1) symmetry (generalization to higher dimensional cases would not be
difficult) The metric is generally written as [40]
ds2 = A(θ)2
[
−r2dt2 + dr
2
r2
+B(θ)2(dφ− krdt)2
]
+ F (θ)2dθ2, (3.35)
where A(θ), B(θ), F (θ) are functions of θ determined by solving equations of motion and
k is a constant. When the entropy is very small, the metric can be written in the form [31]
14
ds2 = A(θ)2
[
−r2dt2 + dr
2
r2
+
(
1 +
β(θ)
k2
+ o
( 1
k2
))
(dφ− rdt)2
]
+ F (θ)2dθ2, (3.36)
with a periodicity
φ ∼ φ+ 2π
k
. (3.37)
The zero entropy limit corresponds to k →∞ here. In the limit, an AdS3 factor emerges
and the metric goes to
ds2 = A(θ)2
[
−r2dt2 + dr
2
r2
+ (dφ− rdt)2
]
+ F (θ)2dθ2. (3.38)
Here the periodicity of φ is
φ ∼ φ+ 2πδ, (3.39)
where δ = 1/k is taken to be infinitesimal.15 The black hole horizon corresponds to r = 0.
The Bekenstein-Hawking entropy vanishes in the k → ∞ limit under (3.39), but for a
very large but finite k, it is given by, [31]
SBH =
π
2kG4
∫
dθ A(θ)F (θ) +O(1/k3). (3.40)
For this geometry, we can put a boundary condition as
hµν ∼


1 r−1 1 1
r−3 r−2 r−1
r−1 1
1

 , (3.41)
14 Here, the expression A = o(B) means that limA/B = 0.
15 Actually, we introduce a regularization here. The (1/k)-suppressed term in (3.36) vanishes in the
k →∞ limit and we get (3.38), but at the same time the period 2π/k in (3.37) also goes to zero, making
the geometry singular. Our prescription to avoid this difficulty is as follows. We formally regard δ as a
small constant which is independent of k, and we take the k → ∞ limit. It leaves us the metric (3.38)
with (3.39). After that, we take δ → 0 limit at last.
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where the order of the coordinates is (t, r, θ, φ). The corresponding ASG is generated,
similarly to (2.8), by
ξ =
[
f(t) +O(1/r)]∂t + [− r(f ′(t) + g′(φ)) +O(1)]∂r + [g(φ) +O(1/r)]∂φ +O(1/r)∂θ.
(3.42)
In the following step, our prescription is almost the same as §2.2. In an exactly similar
way to (2.22), the hypersurface defined by t = const is light-like at the boundary, and then
it is not appropriate to define asymptotic charges on it. Then we adopt new coordinates
(t′, φ′) as (2.23) and obtain the ASG generators
ξRn = −(αδ∂t + inr∂r)e−in
t
αδ = −(αδ∂t′ + inr∂r)e−in( t
′
α
−φ′)/δ, (3.43a)
ξLn = −(δ∂φ + inr∂r)e−in
φ
δ = −(αδ∂t′ + inr∂r + δ∂φ′)e−in
φ′
δ , (3.43b)
which are the same as (2.26), with ℓ replaced by δ. The metric is written by using (t′, φ′)
as
ds2 = A(θ)2
[
dr2
r2
− 2rdt′dφ′ + (1 + 2αr)dφ′2
]
+ F (θ)2dθ2, (3.44)
where the periodicity is
(t′, φ′) ∼ (t′, φ′ + 2πδ). (3.45)
As we will explain in Appendix C, this metric (3.44) and the periodicity (3.45) appear
when we carefully take the near horizon and zero entropy limits simultaneously for 5d
extremal Myers-Perry black hole, (C.80) and (C.81), though the latter contains some
extra structure because it is a higher dimensional geometry. Under this identification, in
particular,
C = 2α, (3.46)
and the α→ 0 limit corresponds to C → 0 in Appendix C. Therefore, the regularization
(2.23) is introduced naturally and automatically, once we recall that the near horizon
geometry (3.38) comes from the whole black hole geometry and consider an infinitesimal
residue from it.
To confirm the consistency of the current boundary condition (3.41), we checked by
order counting that the asymptotic charges corresponding to (3.43) are all finite. The
central charges cR, cL can also be calculated in a similar way to §2.2 and we have
cR = cL =
3
G4
∫
dθ A(θ)F (θ). (3.47)
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From the periodicity (3.39), the Frolov-Thorne temperatures are
TRFT = 0, T
L
FT =
δ
2π
=
1
2πk
, (3.48)
in the same way as §2.2. Then the entropy is calculated as
SKerr/CFT =
π2
3
cRT
R
FT
+
π2
3
cLT
L
FT
=
π
2kG4
∫
dθ A(θ)F (θ), (3.49)
which reproduces the Bekenstein-Hawking entropy (3.40), in the leading order of 1/k.
4 Conclusions and Discussions
In this paper, we first studied the asymptotic symmetry for the near horizon extremal BTZ
geometry. Under an appropriate boundary condition, it includes two Virasoro symmetries
and can be regarded as a non-chiral extension of the Kerr/CFT. However, by a naive
prescription, only one of the two Virasoro symmetries is centrally extended. We recognized
it is due to the light-like character of the equal-time surface at the boundary. Then, by
introducing an appropriate regularization to make the equal-time surface at the boundary
space-like, we showed that both two are centrally extended consistently.
Since the same geometric structure as the near horizon extremal BTZ geometry
emerges in the zero entropy limit for general extremal black holes, as discussed in [31],
we then applied the regularization to this setup and showed the existence of non-chiral
Virasoro symmetries with central extensions. In this context, we also explained that our
regularization scheme has a natural interpretation as a ratio of the infinitesimal parameter
for the near horizon limit and the one for the zero entropy limit . At the same time, be-
cause the S1 fiber shrinks in the zero entropy limit, we introduced another regularization
for it. It is a subtle prescription and we do not have a strong justification for it, but the
desirable results obtained from this prescription suggests the validity of it in some sense.
We focused on the 4d zero entropy extremal black holes in §3 for simplicity, but
extension to higher-dimensional systems would not be difficult. In higher-dimensional
zero entropy extremal black holes, there are more than one way to take the zero entropy
limit and obtain the local AdS3 structure. That is, one of the several rotating directions
shrinks and becomes a part of this geometric structure. Generally speaking, we have
D − 3 choices at most for D-dimensional systems. This is also consistent with the fact
that there are several ways to realize the Kerr/CFT in higher-dimensional extremal black
holes [11, 12].
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Although the current analysis is restricted to zero entropy extremal black holes, we
hope this result would be valuable for the extension of the Kerr/CFT beyond extremal
black holes. Here we again notice that the argument in the text is special to the local AdS3
structure and a similar one is not applicable to the near horizon geometries for general
extremal black holes. As summarized in Appendix A, when applied to these geometries,
there are some unsolved problems. We think that the situation is the same for general
warped AdS3 geometries discussed in the context of topologically massive gravity with a
negative cosmological constant in three dimensions [41, 42].
In this paper, we focused on the near horizon extremal BTZ geometry and higher-
dimensional geometries including it, but the first analysis of the asymptotic symmetry on
AdS3 is carried out for the global AdS3 by Brown and Henneaux. It is then valuable to
comment on some relation between these two analysis beyond the correspondence of the
central charges. In Appendix B, an explicit form of the map between these two coordi-
nates is summarized and, by using this, we directly show the existence of some overlap
of boundary regions for the two coordinates as well as the correspondence of the bound-
ary conditions and the asymptotic symmetry generators. In Appendix D, some relations
between our analysis in this paper and the holographic RG flow of the Virasoro genera-
tors in the extremal BTZ black hole are summarized. They might be useful for deeper
understanding of the asymptotic symmetry of the BTZ black hole and other geometries.
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A General Near Horizon Geometries
In §2 and §3 we derived non-zero left and right central charges for the near horizon
extremal BTZ geometry and the zero entropy extremal black holes, in a consistent manner
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by introducing an appropriate regularization. As emphasized there, we made use of some
special properties of the local AdS3 structure.
Now we would like to consider near horizon geometries for general extremal black
holes, which have, for example in 4d, the form of
ds2 = A(θ)2
[
−r2dt2 + dr
2
r2
+B(θ)2(dφ− krdt)2
]
+ F (θ)2dθ2, (A.50)
(t, φ) ∼ (t, φ+ 2π). (A.51)
It looks very similar to the near horizon extremal BTZ geometry, but it proves to be
quite difficult to introduce an appropriate regularization. In this appendix, we naively
employ a similar regularization scheme and see that divergence of the asymptotic charges
is inevitable in this case. We restrict our analysis to 4d geometries, but generalization to
higher dimensions would not be difficult.
In the near horizon geometry (A.50), the black hole horizon corresponds to r = 0, and
the Bekenstein-Hawking entropy is
SBH =
π
2G4
∫
dθ A(θ)B(θ)F (θ). (A.52)
In order to realize non-chiral Kerr/CFT for this geometry, we need to find a consistent
boundary condition allowing two Virasoro symmetries as ASG and then find a way to
compute the central charges correctly, if needed, by introducing some regularization.
The boundary condition (3.41) we employed for the zero entropy case does not work
for (A.50), since
£ξLn g¯tt = 2ine
−inφA(θ)2
(
1− k2B(θ)2)r2 (≫ 1). (A.53)
It cannot be canceled by the contribution from subleading terms which might be added
to ξLn , and vanishes only when B(θ) = 1/k, that is, when the geometry has a local AdS3
structure. For the general case, some boundary conditions have been proposed, such
as [21, 23], but it is fair to say that we do not know any satisfying one yet. For example,
it would be difficult to consistently remove the divergence of all the asymptotic charges
in [21], and there is no hope to obtain a non-zero cR for [23].
Other attempts have been made to find a boundary condition whose ASG includes
only the “right-handed” Virasoro symmetry [20, 22], which is claimed to stand for a
different sector (“right-movers”) of the same dual field theory as the usual Kerr/CFT
(“left-movers”). There might be some way to impose some consistent boundary condition
but we do not pursue this possibility here. Below we just assume its existence and discuss
the effect of the regularization.
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Let us then assume that ASG respecting such a boundary condition includes the two
Virasoro algebras generated by
ξRn = fn(t)∂t − rf ′n(t)∂r, ξLn = gn(φ)∂φ − rg′n(φ)∂r. (A.54)
The naive procedure using (2.12), (2.13), (2.14), (2.15) and (2.19), together with
fn(t) = − β
2π
e−
2π
β
int, gn(φ) = −e−inφ, (A.55)
gives the values of cR,L as
cR = 0, cL =
3k
G4
∫
dθ A(θ)B(θ)F (θ), (A.56)
in a similar way to §2.1. If we expected that a non-chiral CFT2 is dual to this geometry
with an appropriate boundary condition, the vanishing cR is not a reasonable one. Then
let us try a similar regularization procedure to §2.2. We shift the orbifolding from (A.51)
to
(t′, φ′) ∼ (t′, φ′ + 2π), where (t′, φ′) = (t+ αφ, φ). (A.57)
For the current case, the meaning of this shift is subtle, because Σ′ is not always space-
like in this case. That is, it may also become time-like, depending on the value of θ in
general. Furthermore, it is difficult to justify this regularization as the residue from the
near horizon parameter (3.46), because we now have a finite ǫ in the words of Appendix
C. That is, in the derivation of (C.80), we dropped the terms proportional to λ and kept
those proportional to C = λ/ǫ there. It is, usually, nonsense for finite ǫ, and could be
justified only as an ǫ expansion when ǫ is infinitesimally small. We can point out a very
similar problem in §6 of [32].
Anyway, if we introduce the regularization, (A.57) induces a natural periodicity for t
and we can take bases as
fn(t) = −αe−in tα , gn(φ) = −e−inφ, (A.58)
leading to
cR =
3k
G4
∫
dθ A(θ)B(θ)F (θ). (A.59)
This is a desirable result for us. At the same time, calculation of cL for (A.50) under
(A.57) gives
cL = lim
α→0, r→∞
[
52kαr
G4
∫
dθ
A(θ)F (θ)
B(θ)
(
k2B(θ)2 − 1)+ 3k
G4
∫
dθ A(θ)B(θ)F (θ)
]
. (A.60)
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It yields the desirable value
cL =
3k
G4
∫
dθ A(θ)B(θ)F (θ), (A.61)
if αr → 0 in the limit. This would be satisfied if the ǫ-expansion in (C.80) were to be
justified for ǫ ∼ 1, since in that case C ∼ λ and then αr = Cr/2 ∼ λr, which goes to 0
by definition of the near horizon limit. However, we again stress that we cannot trust the
approximation of the ǫ-expansion at all in general although there would be some unknown
ways to justify it. These observations may throw light on our exploration for non-chiral
Kerr/CFT on general extremal or non-extremal black holes. We leave it for a future work.
To avoid confusion, we comment about (A.60) in the case of the zero entropy limit.
At a glance, the first term appears to be proportional to Cr and not to vanish generically
in the limit, because
k ∼ 1√
ǫ
, B(θ) ∼ √ǫ, (k2B(θ)2 − 1) ∼ ǫ, (A.62)
as was shown in [31]. Unlike λr, there is no guarantee that Cr goes to 0. Actually,
the discussion above using (A.50) is not a precise one. Now that we have revived small
λ, then the geometry is also altered due to it. Explicit calculation for the 5D extremal
Myers-Perry black hole in Appendix C shows that, when we revive the terms in the metric
proportional to λ, the extra terms in the central charges are proportional to some positive
powers of λr, rather than Cr. Therefore it gives the desirable values for the central charges
again, and we expect that it is also true for the general case other than Myers-Perry case.
B On the Local Transformation from Usual AdS3 to
Near Horizon Extremal BTZ Geometry
In this appendix, we will describe a coordinate transformation between the asymptotic
regions of (2.1) and (2.4).
A mapping between (2.1) and (2.4) is given as follows. First, (2.4) is connected with
(2.31) by
y =
1
ρ
, w± = ψ ± τ, (B.63)
and (2.31) is transformed to (2.1) through (2.30). Then in total, the transformation is
written as
τ + ψ = eφ, τ − ψ = 1
2
(
t+
1
r
)
, ρ2 = re−φ. (B.64)
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By using this transformation (B.64), we can map the boundary conditions and the
ASG generators on (2.4) to those on (2.1). The most famous boundary condition is that
discovered in [9],
hµν ∼


1 ρ−3 1
ρ−4 ρ−3
1

 , (B.65)
but here we adopt the recently proposed, loser boundary condition [37],
hµν ∼


1 ρ−1 1
ρ−4 ρ−1
1

 . (B.66)
Then the ASG is generated by
ξ =
[
TL(τ + ψ) + TR(τ − ψ) +O(ρ−2)]∂τ
− [ρ(TL′(τ + ψ) + TR′(τ − ψ))+O(ρ−1)]∂ρ
+
[
TL(τ + ψ)− TR(τ − ψ) +O(ρ−2)]∂ψ. (B.67)
This boundary condition (B.66) is mapped by (B.64) to (2.7), and the ASG generators
(B.67) goes to
ξ =
[
f
(
t+
1
r
)− 1
r
f ′
(
t+
1
r
)− 1
r
g′(φ) +O(1/r)]∂t
+
[
− f ′(t + 1
r
)
r − g′(φ)r +O(1)
]
∂r +
[
g(φ) +O(1/r)]∂φ
=
[
f(t) +O(1/r)]∂t +
[
− f ′(t)r − g′(φ)r +O(1)
]
∂r +
[
g(φ) +O(1/r)]∂φ, (B.68)
where we defined f(t) and g(φ) as
f(t) ≡ 4TR(t/2), g(φ) ≡ 2e−φTL(eφ). (B.69)
This translated generators (B.68) have the same form as (2.8), including the subleading
orders.
C Different Limits for NearHorizon and ZeroEntropy
In this appendix, we investigate some possible ways to take near horizon and zero entropy
limits for an extremal black hole simultaneously. We can see that an infinitesimally
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orbifolded AdS3 structure emerges in any case, but the resulting form or the orbifolding
of the AdS3 differs depending on the relative speed of these two limits.
As one of the simplest examples, we take the 5d extremal Myers-Perry black hole. We
expect the following analysis would be valid in the general case. The metric of the 5d
extremal Myers-Perry black hole is given by
ds2 = −dtˆ2 + Ξrˆ
2
∆
drˆ2 +
(a+ b)2
Ξ
(dtˆ− a sin2 θdφˆ− b cos2 θdψˆ)2
+ (rˆ2 + a2) sin2 θdφˆ2 + (rˆ2 + b2) cos2 θdψˆ2 + Ξdθ2, (C.70)
where a ≥ b ≥ 0 and
Ξ = rˆ2 + a2 cos2 θ + b2 sin2 θ, ∆ = (rˆ2 − ab)2. (C.71)
The ranges of the angular coordinates θ, φˆ, ψˆ are
0 ≤ θ ≤ π
2
, φˆ ∼ φˆ+ 2π, ψˆ ∼ ψˆ + 2π. (C.72)
The Bekenstein-Hawking entropy SBH and the ADM mass M are given, respectively, by
SBH =
π2
2G5
(a+ b)2
√
ab, M =
1
2G5
(a+ b)2. (C.73)
Therefore, the zero entropy limit, keeping the mass non-zero, is described by
a 6= 0, b = ǫa, ǫ→ 0. (C.74)
On the other hand, the near horizon limit for this geometry is given by defining a new
coordinate system [24]
φˆ = φ+
1
a+ b
tˆ, ψˆ = ψ +
1
a + b
tˆ, rˆ2 = ab+ λ(a+ b)2r, tˆ =
a
λ
t, (C.75)
and taking
λ→ 0. (C.76)
When (C.74) and (C.76) supplemented by (C.75) are taken at the same time, the metric
goes to
ds2 =
a2
cos2 θ
r2dt2 +
a2 cos2 θ
4
dr2
r2
+ a2 cos2 θdθ2
+ 2a2(sin2 θ + tan2 θ)rdtdφ+ a2 tan2 θdφ2 + 2a2 cos2 θrdtdψ
+ 2a2(1 + cos2 θ)ǫrdtdψ + 2a2 sin2 θǫdφdψ + a2 cos2 θ(ǫ+ λr)dψ2 + . . . . (C.77)
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where we kept the subleading terms (the third line) up to first order of b or λ, only for
those including dψ. This is a regular geometry, but, in order to obtain an orbifolded AdS3
structure, we will carry out an additional scaling transformation for t and ψ.
In that scaling, the ratio
C ≡ lim
λ,ǫ→0
λ
ǫ
, (C.78)
will be important. First let us assume C < ∞. At that time, we can apply a scaling
transformation
t =
√
ǫ
2
t˜, ψ = − ψ˜
2
√
ǫ
, (C.79)
and take the limits λ→ 0, ǫ→ 0. Then the geometry becomes
ds2 =
a2 cos2 θ
4
[
dr2
r2
− 2rdt˜dψ˜ + (1 + Cr)dψ˜2
]
+ a2 cos2 θdθ2 + a2 tan2 θdφ2, (C.80)
where the periodicity is given by
(t˜, ψ˜) ∼ (t˜, ψ˜ + 4π√ǫ). (C.81)
Here we notice that this metric (C.80) has the same form as (3.44), except that (C.80)
has an additional dφ2 term since it is a 5d metric. Therefore the terms in the bracket is
locally AdS3 for any value of C. In particular, in the C → 0 limit, it goes to a geometry
containing the same structure as the near horizon extremal BTZ geometry,
ds2 =
a2 cos2 θ
4
[
− r2dt˜2 + dr
2
r2
+ (dt˜− dψ˜)2
]
+ a2 cos2 θdθ2 + a2 tan2 θdφ2. (C.82)
From (C.78), C → 0 means λ ≪ ǫ. It corresponds to a procedure in which we first take
the near horizon limit and then take the zero entropy limit. It is nothing but the one
adopted in [25, 29–31].
On the other hand, if C > 0, we can consider another scaling
t =
√
λ t˜′, ψ = − ψ˜
′
√
λ
, (C.83)
instead of (C.79). This is essentially equivalent to (C.79) when 0 < C < ∞, since they
are connected by a finite rescaling
t˜ = 2
√
C t˜′, ψ˜ =
2√
C
ψ˜′. (C.84)
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By (C.83), the metric (C.77) is transformed to
ds2 = a2 cos2 θ
[
dr2
4r2
− 2rdt˜′dψ˜′ + (C−1 + r)dψ˜′2
]
+ a2 cos2 θdθ2 + a2 tan2 θdφ2,
= a2 cos2 θ
[
− ρ2dτ 2 + dρ
2
ρ2
+ ρ2dχ2 + C−1(dχ− dτ)2
]
+ a2 cos2 θdθ2 + a2 tan2 θdφ2,
(C.85)
where in the second line we adopted a further transformation
r = ρ2, t˜′ = τ, ψ˜′ = χ− τ, (C.86)
under which the resulting periodicity is
(τ, χ) ∼ (τ, χ+ 2π
√
λ). (C.87)
This form of the limit with finite C corresponds to the one adopted in §4 of [32]. In this
form, when the C →∞ limit is taken, we have
ds2 = a2 cos2 θ
[
− ρ2dτ 2 + dρ
2
ρ2
+ ρ2dχ2
]
+ a2 cos2 θdθ2 + a2 tan2 θdφ2. (C.88)
This geometry contains the conventional form for the AdS3 orbifolded by (C.87). This
limit, implying ǫ≪ λ, means that we first take the zero entropy limit and then the near
horizon limit. It corresponds to the prescription investigated in [24]. We stress that the
two orbifoldings (C.81) in (C.82) and (C.87) in (C.88) are physically quite different, as
we pointed out in §2.
D Relation to the RG Flow in BTZ Black Hole
In [36], the current authors discussed the Kerr/CFT for rotating D1-D5-P black strings.
Especially they took the two sets of the asymptotic Virasoro generators for the extremal
BTZ black hole appearing as a part of the near horizon geometry for these rotating
black string, and then investigated the RG flow of the generators down to the “very near
horizon geometry”.16 As a result, it is found that the single set of asymptotic Virasoro
generators, which appears when we apply the Kerr/CFT along the Kaluza-Klein circle,
can be interpreted as a low energy remnant of the two sets of them for the whole extremal
BTZ black hole. In other words, at least for this special setup, the Kerr/CFT is interpreted
16We sometimes use this terminology to represent the near horizon geometry for the BTZ black hole.
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as the low energy limit of AdS3/CFT2. In this appendix, we revisit this analysis and show
some relation to the result obtained in this paper.
We start with the metric of an extremal BTZ black hole [6, 7],
ds2 = L2
[
− ρ
4
ρ2 + r2+
dτ 2 +
dρ2
ρ2
+ (ρ2 + r2+)
(
dψ − r
2
+
ρ2 + r2+
dτ
)2]
, (D.89)
where the periodicity is imposed as
ψ ∼ ψ + 2π. (D.90)
This black hole has an event horizon at ρ = 0 and the associated Bekenstein-Hawking
entropy is
SBH = 2πLr+. (D.91)
We note that this geometry appears in the near horizon limit for the non-rotating D1-D5-
P black strings in the form of a direct product with S3. For simplicity, we will focus on this
3d part throughout this appendix. At the infinity, ρ → ∞, this geometry asymptotes to
the AdS3 (2.4). For this geometry, to investigate the asymptotic symmetry, we can impose
(B.65) or (B.66) as a consistent boundary condition. Here we adopt (B.66) again, and
then the ASG is generated by (B.67). From the periodicity (D.90), the basis is spanned
by the functions
TRn (x) =
1
2
einx, TLn (x) =
1
2
einx, (D.92)
and the corresponding ASG generators are
ζRn =
1
2
(
ein(τ+ψ)∂τ − inrein(τ+ψ)∂ρ + ein(τ+ψ)∂ψ
)
, (D.93a)
ζLn =
1
2
(
ein(τ−ψ)∂τ − inrein(τ−ψ)∂ρ − ein(τ−ψ)∂ψ
)
. (D.93b)
Then {ζRn } and {ζLn } respectively generate two sets of Virasoro symmetry.
With the coordinates transformation from (τ, ρ, ψ) to (t, r, φ),
ρ2 =
λr
2
, τ = −r+
λ
t, ψ = φ− r+
λ
t, (D.94)
the (very) near horizon limit for this geometry is given by λ→ 0.
For a while, we consider the behavior of the transformation (D.94) without the limit
of λ→ 0. Under it, the metric (D.89) is written as
ds2 = L2
[
dr2
4r2
− r+ rdtdφ+
(
r2+ +
λ
2
r
)
dφ2
]
. (D.95)
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At the same time, the ASG generators (D.93) are transformed to
ζRn = −
(
λ
2r+
∂t + inr∂r
)
e−in(
2r+
λ
t−φ), (D.96a)
ζLn = −
(
λ
2r+
∂t + inr∂r + ∂φ
)
e−inφ. (D.96b)
By defining
φ =
φ˜
2r+
, (D.97)
the metric (D.95) becomes
ds2 =
L2
4
[
dr2
r2
− 2rdtdφ˜+
(
1 +
λ
2r2+
r
)
dφ˜2
]
, (D.98)
and the ASG generators (D.96) goes to
ζRn = −
(
λ
2r+
∂t + inr∂r
)
e−in(
4r2
+
λ
t−φ˜)/(2r+), (D.99a)
ζLn = −
(
λ
2r+
∂t + inr∂r + 2r+∂φ˜
)
e
−in φ˜
2r+ . (D.99b)
Now we notice that (D.98) and (D.99) have exactly the same forms as (2.27) and (2.26),
respectively,17 under identifications
α↔ λ
4r2+
, ℓ↔ 2r+. (D.100)
This fact justifies the regularization procedure we adopted in §2.2, as a remnant of the
infinitesimal near horizon parameter λ.
Now let us consider the (very) near horizon limit, λ → 0. When r+ takes a non-
zero finite value, by taking λ → 0 limit, the right Virasoro generators (D.96a) oscillates
infinitely fast (except for n = 0, when ζR0 goes to zero) while the left Virasoro generators
has the same form as the ones appearing in the Kerr/CFT.
One may suspect that this flow of the ASG generators is not justified, because the
generators can contain some additional terms with higher order in 1/ρ and they are
subleading at the AdS3 boundary but are dominant in the near horizon region. However,
under the transformation (D.94), these terms diverge in λ→ 0 limit. This will mean that
the generators including these terms change the geometry outside the very near horizon
17 We thank G. Moutsopulos for pointing out this fact.
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region. At the same time, since these terms correspond to the choice of gauge and then
do not have any physical significance, we can choose them as we like. In order that the
generators stay in the very near horizon geometry, these terms should be chosen to be
simply zero. Therefore we have only to consider the leading terms (D.93) only.18
When we take the zero entropy limit r+ → 0 in addition to λ → 0, the generators of
both two sets of Virasoro symmetries vibrate infinitely fast, except for n = 0. It indicates
that all the degrees of freedom freeze out in this limit. This result is consistent with
the fact that the entropy of the system goes to zero. At the same time, because these
“frozen” Virasoro generators are derived as the “IR limit” for the ASG generators (D.93),
we can say that the non-chiral Kerr/CFT for the (very) near horizon geometry in the
zero entropy limit is “UV completed” by AdS3/CFT2 for the extremal BTZ black hole.
Although this observation is rather speculative and is not based on a rigid discussion, it
may help us to understand the non-chiral Kerr/CFT better.
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